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Abstract
In the previous papers [J. Boos, T. Leiger, Dual pairs of sequence spaces, Int. J. Math. Math. Sci. 28
(2001) 9–23; J. Boos, T. Leiger, Dual pairs of sequence spaces. II, Proc. Estonian Acad. Sci. Phys. Math.
51 (2002) 3–17], the authors defined and investigated dual pairs (E,ES), where E is a sequence space,
S is a BK-space on which a sum s is defined in the sense of Ruckle [W.H. Ruckle, Sequence Spaces,
Pitman Advanced Publishing Program, Boston, 1981], and ES is the space of all factor sequences from
E into S. In generalization of the SAK-property (weak sectional convergence) in the case of the dual pair
(E,Eβ), the SK-property was introduced and studied. In this note we consider factor sequence spaces
E|S|, where |S| is the linear span of BSτω , the closure of the unit ball of S in the FK-space ω of all scalar
sequences. An FK-space E such that E|S| includes the f -dual Ef is said to have the SB-property. Our
aim is to demonstrate, that in the duality (E,ES), the SB-property plays the same role as the AB-property
in the case ES = Eβ . In particular, we show for FK-spaces, in which the subspace of all finitely non-
zero sequences is dense, that the SB-property implies the SK-property. Moreover, in the context of the
SB-property, a generalization of the well-known factorization theorem due to Garling [D.J.H. Garling, On
topological sequence spaces, Proc. Cambridge Philos. Soc. 63 (1967) 997–1019] is given.
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In [3,4] the authors defined and studied dual pairs (E,ES) where E is a sequence space, S is
a K-space on which a sum s is defined in the sense of Ruckle [14], and ES is the space of all
factor sequences, that is the set of all sequences u = (uk) with (ukxk) ∈ S for each x ∈ E. In that
general situation, among other things, several problems related to convergence or boundedness
of sections of sequences in K-spaces are investigated. In generalization of the SAK-property
(weak sectional convergence) in the case of the dual pair (E,Eβ), where Eβ = Ecs (cs denotes
the space of all convergent series), the SK-property was introduced and examined in [3] in the
general situation of dual pairs (E,ES).
In [4], special dual pairs (E,ES) were considered, where
S =
{
z
∣∣∣∣
(∑
k
vγ kzk
)
γ∈Γ
is bounded and convergent
}
and the sum s is represented by
s(z) = lim
γ
∑
k
vγ kzk (z ∈ S)
(Γ is a directed index set and (vγ k)k is a finitely non-zero sequence for each γ ∈ Γ ). On the
basis of this representation of s, the S-sections of any sequence were defined and both, their
convergence and boundedness in K-spaces E were studied. Since, in general, such a represen-
tation of s is not at our disposal, we consider in this paper a generalization of the AB-property
(sectional boundedness) in FK-spaces in the framework of the duality (E,ES), provided that S
is a BK-space with a ϕ-topology (see Ruckle [14]). (The interested reader should note that factor
sequence spaces ES of this type are thoroughly investigated by Benholz in his doctoral thesis
[1].) We denote by |S| the linear span of BSτω , the closure of the unit ball of S in the FK-space ω
of all scalar sequences. An FK-space E is said to have the SB-property, if E|S| = Ef , where Ef
is the f -dual of E. In this paper, we aim to demonstrate that in the case of the duality (E,ES),
the SB-property plays the same role as the AB-property in the special case S = cs.
We start by recalling basic definitions and facts about LBK-spaces and dual pairs of sequence
spaces (Section 2). In Section 3, after defining the SB-property, we discuss some properties and
examples of SB-spaces. In particular, we show, that for FK-spaces, in which the subspace ϕ
of finitely non-zero sequences is dense, the SB-property implies the SK-property. In Section 4
we examine when ES and ESS have the SB-property. In Section 5 we generalize the well-
known factorization theorem due to Garling [8, Theorem 3(a)] and deduce from this result some
well-known theorems due to Buntinas [5], Buntinas and Tanovic´-Miller [6], Fleming [7], and
Sember [16].
The terminology from the theory of locally convex spaces and summability is standard, we
refer to Wilansky [18,19] and Boos [2]. Let ω be the space of all complex or real sequences
x = (xk) and ϕ the space of all finitely non-zero sequences. Obviously, ϕ = span{ek | k ∈ N},
where ek := (0, . . . ,0,1,0, . . .) with the 1 in the kth position. Any linear subspace of ω is called
a sequence space.
A K-space is a sequence space endowed with a locally convex topology under which the
coordinate functionals πk defined by πk(x) := xk (k ∈ N) are continuous. For any K-space E
containing ϕ, the f -dual is defined as
Ef := {uf := (f (ek)) ∣∣ f ∈ E′}.
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Matrix maps between LFK-spaces are continuous. In particular, LFK-topologies are monotonic,
that is, if E ⊂ F, then E ↪→ F (E is continuously embedded in F ). This property involves that
any sequence space has at most one LFK-topology.
By Ruckle [14], a K-topology on a sequence space E is called a ϕ-topology if it is a polar
topology τS , where S is a family of σ(ϕ,E)-bounded subsets of ϕ. A K-topology τ on E is a
ϕ-topology if and only if there exists a neighbourhood basis of zero consisting of τω|E-closed
absolute convex subsets.
We denote the topology of any locally convex space E by τE. The norm and the closed unit
ball of a Banach space Z is denoted by ‖ ‖Z and BZ, respectively. L(E,F ) stands for the space
of all continuous linear maps A :E → F.
For subsets E and F of ω we define
E · F := {ux := (ukxk) | u ∈ E, x ∈ F}
and
EF := {u ∈ ω | ∀x ∈ E: ux ∈ F }.
2. Preliminaries
Let S be a BK-space containing ϕ. We consider in the topological dual S′ the polar set B◦S :={h ∈ S′ | ∀z ∈ BS : |h(z)| 1} = BS′ and note that
C :=
{
z ∈ ω
∣∣∣∣ ∀v ∈ BS′ ∩ ϕ:
∣∣∣∣∑
k
vkzk
∣∣∣∣ 1
}
is closed and bounded in (ω, τω). Then C is τω-compact and |S| := spanC is a BK-space with
the closed unit ball C. Obviously, the BK-topology τ|S| is a ϕ-topology. Moreover, S is closed
in |S| if and only if τS is a ϕ-topology. In this situation,
|S| = {z ∈ ω | ‖z‖S < ∞}, (2.1)
where ‖ ‖S, defined by
‖z‖S := sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkzk
∣∣∣∣ (z ∈ |S|),
is considered as an extended semi-norm on ω.
In the sequel, we assume that S is a fixed BK-space containing ϕ such that the BK-topology
τS of S is a ϕ-topology, and there exists a sum s ∈ S′ on S, that is,
s(z) =
∑
k
zk for each z ∈ ϕ
(cf. [14]). (Clearly, the sum s can be extended to |S|.) Familiar examples of such BK-spaces are:
(I) cs := {z ∈ ω |∑k zk converges} with the sum s defined by s(z) :=∑k zk.
(II)  := {z ∈ ω |∑k |zk| < ∞} with the sum s defined by s(z) := limK∈F∑k∈K zk, where F
is the directed set of all finite subsets of N.
(III) cT := {z ∈ ω | limT z := limn∑k tnkzk exists} with the sum s defined by s(z) := limT z,
where T = (tnk) is a reversible row-finite Sp1-matrix.
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where T = (tnk) is a bv-reversible row-finite Sp∗1-matrix and bv stands for the space of all
sequences of bounded variation.
Other examples are given in [3,4].
If E is a sequence space containing ϕ, then (E,ES) is a dual pair under the bilinear functional
〈,〉 :E ×ES →K, (x,u) → s(ux).
Therefore ES ⊂ E∗ up to isomorphism, where the isomorphism ES → E∗ is given by
u → s ◦ diagu and
diagu :E → S, z → uz
is the diagonal matrix map on E defined by the sequence u. For any LFK-space E we have
ES ⊂ E′. Indeed, if u ∈ ES, then the map diagu is continuous and s ◦ diagu ∈ E′. Moreover, if
ϕ ⊂ E, then uk = s(ukek) = s(uek) = s ◦ diagu(ek) (k ∈N), that is,
ES ⊂ E|S| ⊂ Ef .
Since S is closed in |S| and diagx :E|S| → |S| is continuous for each x ∈ E, ES is closed
in (E|S|, τE|S|).
Note that E|S| = ES for any FK-AD-space E, i.e., for all FK-spaces E with ϕτE = E. Indeed,
for each x ∈ E there exists a sequence (t(n)) in ϕ such that t (n) → x in E. Then, for any u ∈ E|S|
we have ut(n) → ux in |S|, which implies ux ∈ ϕτ|S| ⊂ S. Hence u ∈ ES.
Let E be an FK-space. Then there exists a sequence of semi-norms pn (n ∈N) generating the
FK-topology such that
pn(x) pn+1(x) for each x ∈ E and n ∈N. (2.2)
Consequently, the subsets Un := {x ∈ E | pn(x)  1} form a neighbourhood basis of zero in E
with U1 ⊃ U2 ⊃ · · · . Let
Gn :=
{
f ∈ E′
∣∣∣ ‖f ‖Gn := sup
x∈Un
∣∣f (x)∣∣< ∞} (n ∈N). (2.3)
Then (Gn,‖ ‖Gn) is a Banach space for every n ∈ N and the topological dual E′ =
⋃
n∈NGn is
an LB-space. The f -dual of E is an LBK-space (see [9]). Algebraically, Ef ∼= E′/ϕ⊥ ∼= (EAD)′,
and the LBK-topology τEf of Ef is the quotient topology of τE′ .
The factor sequence space ES is an LBK-space. It can be shown ([1, Satz 2.4], see also [11]),
that ES =⋃n∈NFn, where
Fn :=
{
u ∈ ES
∣∣∣ ‖u‖Fn := sup
x∈Un
‖ux‖S < ∞
}
, (2.4)
is a BK-space under the norm ‖ ‖Fn. Since τS is a ϕ-topology, τFn is a ϕ-topology too. Note
that ES endowed with the LBK-topology τES is regular and the subsets 2nBFn (n ∈ N) form a
fundamental sequence of bounded subsets in (ES, τES ) (see Benholz [1, Satz 2.11]). The strong
topology β((ES)′,ES) on the topological dual (ES)′ is the polar topology τS, where S :=
{2nBFn | n ∈ N}. Thus, the semi-norms defined by f → supu∈BFn |f (u)| generate on (ES)′ an
F -topology.
For any BK-space (E,‖ ‖E) the space ES is an FK-space topologized by the family of semi-
norms rk := | | ◦ πk (k ∈ N) and ‖ ‖ES , where ‖u‖ES := sup‖x‖E1 ‖ux‖S (u ∈ ES). If E ⊃ ϕ,
then (ES,‖ ‖ES ) is a BK-space.
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In the prototypical case S = cs (see (I) in Section 2) we get the dual pair (E,Eβ), where
Eβ := Ecs. Then
|S| = bs :=
{
z ∈ ω
∣∣∣∣∣ supn
∣∣∣∣∣
n∑
k=1
zk
∣∣∣∣∣< ∞
}
.
Sargent [15] proved that for any BK-space (E,‖ ‖E) with the AB-property, that is, with
sup
n∈N
∥∥∥∥∥
n∑
k=1
xke
k
∥∥∥∥∥
E
< ∞ for all x ∈ E, (3.1)
the β-dual Eβ is closed in the Banach space E′. More precisely, the following well-known result
holds.
Proposition 3.1. (Cf. [19, 10.3.8 and 10.3.11].) For any BK-space E containing ϕ, the following
statements are equivalent:
(a) E is an AB-space,
(b) Ef = Ebs =: Eγ .
In this situation, Eβ is closed in (E′,‖ ‖E′).
Our next definition is motivated by the equivalence (a) ⇔ (b) of Proposition 3.1.
Definition 3.2. Let (S,‖ ‖S) be a BK-space with a sum s ∈ S′. A K-space E containing ϕ is
said to have (with respect to S and s) the SB-property, if Ef ⊂ E|S|. We say then that E is an
SB-space.
Before beginning the study of SB-spaces, we adapt to the current situation a general result
from the book of Wilansky [19, 4.5.1]. Let H be a separated locally convex space. If a Fréchet
(LF-)space X is continuously embedded in H, then X is called an FH-(LFH-)space. Clearly,
FK-(LFK-)spaces are FH-(LFH-)spaces with H = ω.
Lemma 3.3. Let H be a separated local convex space and let X and Y be LFH-spaces (FH-
spaces) with X ∩ Y = {0}. Then Z := X + Y is an LFH-space (FH-space) and Z = X ⊕ Y.
Proof. For FH-spaces the statement is proved in [19, 4.5.1]. Suppose that X and Y are LFH-
spaces. Then X =⋃∞n=1 Xn and Y =⋃∞n=1 Yn, where Xn and Yn are FH-spaces with
Xn ↪→ Xn+1 and Yn ↪→ Yn+1. (3.2)
Obviously, Xn ∩ Yn = {0} (n ∈ N). Then Zn := Xn + Yn is an FH-space and Zn = Xn ⊕ Yn.
By (3.2), Zn ↪→ Zn+1 and Z =⋃∞n=1 Zn, i.e., Z is an LFH-space.
Now we consider the projector prX :Z → X, x + y → x and show that it is continuous.
Obviously, the restriction of prX to Zn is the projector prXn :Zn → Xn, which is continuous.
Then prX ◦ in :Zn → X, the composition with the inclusion map in :Zn → Z, is continuous for
each n ∈N. Therefore prX is continuous and we have Z = X ⊕ Y. 
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Theorem 3.4. For any FK-space E containing ϕ we consider the following statements:
(a) ES is closed in the LB-space (E′, τE′).
(b) ES is stepwise closed, i.e., ES ∩Gn is closed in (Gn,‖ ‖Gn) for each n ∈N (see (2.3)).
(c) E is an SB-space, i.e., E|S| = Ef .
(d) ES is closed in the LBK-space (Ef , τEf ).
Then (c) ⇒ (d) ⇔ (a) ⇒ (b) holds. If τE is a ϕ-topology, then the statements (a)–(d) are equiv-
alent.
Proof. (a) ⇒ (b) holds since any closed subspace in an LF-space is stepwise closed (cf. [13,
8.6.2]).
(c) ⇒ (d). This is immediate, since ES is closed in E|S|.
(d) ⇒ (a). We use Lemma 3.3 with H := (E∗, σ (E∗,E)). Obviously, (E′, τE′) ↪→ H and
(ES, τES ) ↪→ H, thus (E′, τE′) and (ES, τES ) are LBH-spaces. Since Ef ∼= E′/ϕ⊥ and the LBK-
topology τEf is the quotient topology of τE′, the map
k : (E′, τE′) →
(
Ef , τEf
)
, f → (f (ek))
as quotient map is continuous. This implies that k−1(ES) = ES + ϕ⊥ is a closed subspace
of E′. Clearly, ES ∩ ϕ⊥ = {0}. Then, by Lemma 3.3, k−1(ES) = ES ⊕ ϕ⊥, hence ES is closed
in k−1(ES). Thus ES is a closed subspace of (E′, τE′).
(a) ⇒ (d). Suppose that ES is closed in (E′, τE′). Since ϕ⊥ is τE′ -closed and ES ∩ϕ⊥ = {0},
by Lemma 3.3, k−1(ES) = ES + ϕ⊥ = ES ⊕ ϕ⊥ is a closed subspace of E′. Therefore ES is
closed in Ef .
Last, we prove the implication (b) ⇒ (c) provided that the FK-topology τE is a ϕ-topology.
Suppose that ES ∩ Gn is a closed subspace of the Banach space Gn. First of all, we verify
that (ES ∩ Gn,‖ ‖Gn) is a BK-space. Obviously, it is a Banach space. Since Un absorbs all
sequences ek, for each k there exists λk > 0 with λkek ∈ Un. Consequently, we have∣∣πk(u)∣∣= |uk| = 1
λk
∣∣s(ukλkek)∣∣= 1
λk
∣∣s(u(λkek))∣∣ 1
λk
sup
x∈Un
∣∣s(ux)∣∣= 1
λk
‖u‖Gn
for all u ∈ ES ∩Gn and k ∈N. Therefore πk ∈ (ES ∩Gn)′ for all n and k.
Now, let f ∈ E′ \ {0} be fixed. Then there exists n ∈N such that f ∈ Gn, and for each x ∈ E
we get
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkxkf
(
ek
)∣∣∣∣= sup
v∈BS′∩ϕ
∣∣∣∣f
(∑
k
vkxke
k
)∣∣∣∣
 ‖f ‖Gn sup
g∈BGn
sup
v∈BS′∩ϕ
∣∣∣∣g
(∑
k
vkxke
k
)∣∣∣∣
= ‖f ‖Gn sup
u∈BGn∩ϕ
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkukxk
∣∣∣∣
 ‖f ‖Gn sup
u∈ES∩BGn
‖ux‖S
= ‖f ‖Gn‖diagx ‖L(ES∩Gn,S) < ∞,
thus ‖(xkf (ek))‖S < ∞, that is, uf ∈ E|S| (cf. (2.1)). Hence E|S| = Ef . 
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Proof. Since Ff = Ef = E|S| ⊂ F |S| ⊂ Ff , the result follows from Theorem 3.4. 
Corollary 3.6. The intersection E :=⋂n∈NEn of FK-SB-spaces En is an FK-SB-space too.
Proof. It is well known (see [18, 7.2.16]), that E is an FK-space and any linear functional
f on E is continuous if and only if it can be represented by f = ∑mi=1 gi |E where gi ∈ E′i
for i = 1, . . . ,m and some m ∈ N. Then u ∈ Ef if and only if u = u(1) + · · · + u(m) with
u(i) ∈ Efi = E|S|i . Thus for each x ∈ E we get ux = u(1)x + · · · + u(m)x ∈ |S|. Consequently,
Ef = E|S|. 
Corollary 3.7. An FK-AD-space with the SB-property is an SK-space.
Proof. If E is an FK-AD-space then E|S| = ES (see Section 2) and (Ef , τEf ) can be identified
with (E′, τE′). Then the SB-property of E implies ES = E′, i.e., f (x) = s(uf x) for all x ∈ E
and f ∈ E′. 
Remark 3.8. In the previous paper [4] dual pairs (E,ES) were considered where
S =
{
z
∣∣∣∣
(∑
k
vγ kzk
)
γ∈Γ
is bounded and convergent
}
(Γ is a directed index set) and the sum s ∈ S′ has the representation
s(z) = lim
γ∈Γ
∑
k
vγ kzk (z ∈ S) with (vγ k)k ∈ ϕ for each γ ∈ Γ.
Then S is a BK-space with the norm ‖ ‖S defined by
‖z‖S := sup
γ∈Γ
∣∣∣∣∑
k
vγ kzk
∣∣∣∣.
Obviously, ‖ ‖S determines a ϕ-topology. In such a situation, the AB(S)-property of a K-space
E was defined by(∑
k
vγ kxke
k
)
γ∈Γ
is bounded in E for each x ∈ E. (3.3)
If E is an FK-space, then we have ‖uf x‖S = supγ∈Γ |
∑
k vγ kxzkf (e
k)| for each x ∈ E and
f ∈ E′. Thus, the condition (3.3) is equivalent to Ef = E|S|. Hence the SB-property is equivalent
to the AB(S)-property. Consequently, the SB-property is equivalent to the
• UAB-property, if S =  (see Sember [16]; cf. (II) in Section 2),
• T -AB-property, if S = cT with a normal Sp1-matrix T = (tnk) (see Buntinas [5]; cf. (III) in
Section 2),
• UTB-property, if S = bvT with a normal Sp∗1-matrix T = (tnk) (see Fleming [7]; cf. (IV) in
Section 2).
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S = [cs] :=
{
x ∈ cs
∣∣∣∣ limj
∑
2j
|xk| = 0
}
,
where
∑
2j ak :=
∑2j+1−1
k=2j ak. Then [cs] is a BK-space under the norm defined by ‖z‖ :=
supm |
∑m
k=1 zk| + supj
∑
2j |zk| (z ∈ [cs]), and the BK-topology of [cs] is clearly a ϕ-topology.
Moreover, we have |S| = [bs] := {z ∈ bs | supj
∑
2j |zk| < ∞}. By Buntinas and Tanovic´-Miller
[6], an FK-space E is said to have the [AB]-property, if E is an AB-space (see (3.1)) and{∑
2n
αkxke
k
∣∣∣∣ α = (αk) ∈ χ, n ∈N
}
is bounded in E for all x ∈ E,
where χ is the set of all sequences of 0’s and 1’s. We are going to verify that E has the [AB]-
property if and only if it is an SB-space with respect to S = [cs] and s(z) :=∑k zk.
For each f ∈ E′ and x ∈ E from the [AB]-property follows, that
sup
m
∣∣∣∣∣
m∑
k=1
xkf
(
ek
)∣∣∣∣∣< ∞ and supα∈χ,n∈N
∣∣∣∣∑
2n
αkxkf
(
ek
)∣∣∣∣< ∞.
Obviously, the inequalities imply (xkf (ek)) ∈ [bs], therefore Ef ⊂ E[bs] = E|S|. Thus E has
the SB-property. Conversely, if E is an FK-space such that Ef = E[bs], then for each f ∈ E′
and x ∈ E we get
sup
m∈N
∣∣∣∣∣
m∑
k=1
xkf
(
ek
)∣∣∣∣∣< ∞ and supj
∑
2j
∣∣xkf (ek)∣∣< ∞.
The last statement tells us that {∑2n αkxkek | α ∈ χ, n ∈ N} is bounded in E for each x ∈ E.
Hence E has the [AB]-property.
Buntinas and Tanovic´-Miller defined
E[AK] :=
{
x ∈ E | x has both the AK- and [AB]-property}
and proved that E has the [AK]-property (i.e., E = E[AK]) if and only if E is an AD-space with the
[AB]-property (cf. [6, Theorem 3.9]). Then for an FK-space E, the [AK]-property is equivalent
to E = ESK (with respect to the duality (E,E[cs])).
4. ES and ESS as SB-spaces
It is a well-known fact that the β-dual of any BK-space is an FK-space with the AB-property.
We shall investigate to what extent this result is preserved in the case of the space ES of all
factor sequences of an FK-space E containing ϕ. Using the notations defined in Section 2, we
have ES =⋃n∈NFn, where Fn is a BK-space (see (2.4)). On account of the inequality
‖uvx‖S =
∥∥diagv(ux)∥∥S  ‖v‖SS‖ux‖S (u ∈ Fn, v ∈ SS, x ∈ Un),
the inclusion
BFn ·BSS ⊂ BFn (4.1)
is valid.
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‖ ‖FSn , defined by ‖w‖FSn := supu∈BFn ‖uw‖S (w ∈ FSn ), and rk (k ∈N). Moreover, (F Sn ,‖ ‖FSn )
is obviously a BK-space, if ϕ ⊂ Fn.
Proposition 4.1. Suppose S is an SB-space. If E is an FK-space containing ϕ such that E has a
τω-bounded neighbourhood of zero, then the LBK-space ES has the SB-property. In particular,
for any BK-space E with ϕ ⊂ E, the BK-space ES is an SB-space.
Proof. Since E has a τω-bounded neighbourhood of zero, we may assume that supx∈Un |xk| < ∞
for all n, k ∈ N. Then supx∈Un ‖xek‖S = ‖ek‖S supx∈Un |xk| < ∞, that is, ek ∈ Fn for every k
and n. Thus ϕ ⊂ Fn implying that (F Sn ,‖ ‖FSn ) is a BK-space for each n ∈ N. Because for all
w ∈ FSn we have
‖fw‖F ′n = sup
u∈BFn
∣∣s(uw)∣∣ ‖s‖S′ sup
u∈BFn
‖uw‖S = ‖s‖S′ ‖w‖FSn ,
where fw(u) := s(wu), the norm ‖ ‖F ′n is continuous on (F Sn ,‖ ‖FSn ). On the other hand, for all
w ∈ FSn and an suitably chosen ρ > 0 we have
‖w‖FSn = sup
u∈BFn
‖uw‖S = sup
u∈BFn
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkukwk
∣∣∣∣
 ρ sup
u∈BFn
sup
v∈B
SS
∩ϕ
∣∣∣∣∑
k
vkukwk
∣∣∣∣ [S is an SB-space]
 ρ sup
u∈BFn
sup
v∈B
SS
∣∣s(vuw)∣∣ ρ sup
y∈BFn
∣∣s(yw)∣∣ [cf. (4.1)]
= ρ‖w‖F ′n .
Therefore, the norms ‖ ‖FSn and ‖ ‖F ′n are equivalent on FSn and, consequently, for each n ∈ N,
the BK-space Fn has the SB-property.
For a given u ∈ ES, let n be chosen such that u ∈ Fn. Then, for any g ∈ (ES)′ with g = 0 and
for suitably chosen C > 0 and C1 > 0 we get
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkukg
(
ek
)∣∣∣∣
 ‖g|Fn‖F ′n sup
v∈BS′∩ϕ
sup
h∈BF ′n
∣∣∣∣∑
k
vkukh
(
ek
)∣∣∣∣
 C sup
v∈BS′∩ϕ
sup
w∈BF ′n∩ϕ
∣∣∣∣∑
k
vkukwk
∣∣∣∣ [τFn is a ϕ-topology]
 C sup
w∈BF ′ ∩FSn
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkukwk
∣∣∣∣
n
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w∈B
FSn
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkukwk
∣∣∣∣ [‖ ‖FSn and ‖ ‖F ′n are equivalent on FSn ]
= C1 sup
w∈B
FSn
‖uw‖S = C1‖u‖FSSn < ∞.
Then (ES)f ⊂ (ES)|S|, i.e., ES has the SB-property. 
Corollary 4.2. Let |S| be an SB-space. If E is an FK-SB-space having a τω-bounded neighbour-
hood of zero, then the LBK-space Ef has the SB-property.
Proof. This follows immediately from Proposition 4.1. 
Remarks 4.3.
(1) The existence of a τω-bounded neighbourhood of zero in an FK-space E is obviously nec-
essary and sufficient for some Fn to include ϕ. But this condition is not necessary for the
SB-property of E. For example, the FK-space ω has the AB-property, although it has no
τω-bounded neighbourhood of zero.
(2) Clearly, every BK-space has a τω-bounded neighbourhood of zero. Moreover, each countable
intersection of BK-spaces enjoy this property.
(3) Recall, that a norm ‖ ‖ of a BK-space E is called monotone, if ‖x‖ = supn ‖
∑n
k xke
k‖ and
‖∑nk xkek‖  ‖∑n+1k xkek‖ (n ∈ N) for each x ∈ E. BK-spaces with a monotone norm are
discussed in [19, 7.1 and 10.3]. They are obviously AB-spaces. It is not difficult to verify,
that a BK-space has an (equivalent) monotone norm if and only if it is an AB-space with a
ϕ-topology.
Because τS is a ϕ-topology, then, for each BK-space E, τES is a ϕ-topology, too. If S is
an SB-space, then, by Proposition 4.1, ES is an SB-space with a ϕ-topology. In the case
of S = cs we get the following well-known fact (see [19, 10.1.5]): For every BK-space E
containing ϕ, the BK-spaces Eβ and Eγ have a monotone norm.
For any FK-space E containing ϕ we have (cf. (2.4))
ESS =
(⋃
n∈N
Fn
)S
=
⋂
n∈N
FSn .
Thus, ESS as a countable intersection of the FK-spaces FSn is an FK-space. Consequently, since
τFSn
is a ϕ-topology for each n, the FK-topology τESS is a ϕ-topology too.
Let n be fixed. Then the FK-space FSn contains ϕ, and
Vi :=
{
w ∈ FSn
∣∣∣∣ ‖w‖FSn  1i and |wk| 1i (k = 1, . . . , i)
}
(i ∈N)
form a neighbourhood basis of zero with V1 ⊃ V2 ⊃ · · · . For i ∈N we set
Hi :=
{
f ∈ (FSn )′ ∣∣∣ qi(f ) := sup
w∈Vi
∣∣f (w)∣∣< ∞}
and
Ti :=
{
t ∈ FSSn
∣∣∣ νi(t) := sup ‖tw‖S < ∞}.
w∈Vi
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functional ft defined by ft (u) := s(ut) is continuous on FSn ) and
qi(t) ‖s‖S′νi(t) (t ∈ Ti, i ∈N).
Now, we show that for each i there exists δi > 0 such that
BSS · Vi ⊂ δiVi . (4.2)
If v ∈ BSS and w ∈ Vi, then |wk| 1i (k = 1, . . . , i),
‖vz‖S  1 (z ∈ BS) and ‖uw‖S  1
i
(u ∈ BFn).
Then ‖vuw‖S  ‖v‖SS‖uw‖S  1i for each u ∈ BFn, thus
‖vw‖FSn 
1
i
. (4.3)
If we put δi := max{1,‖πk‖(SS)′ | k = 1, . . . , i}, then |vk| ‖πk‖(SS)′  δi and
|vkwk| δi 1
i
(k = 1, . . . , i). (4.4)
From (4.3) and (4.4) we may conclude vw ∈ δiVi, i.e., the inclusion (4.2) holds.
Now, we are able to determine when ESS has the SB-property. It is well known, that the β-
bidual space Eββ of an FK-space E is an FK-AB-space (see [11]), and a BK-space E is closed
in Eββ if and only if it has an equivalent monotone norm (see [12, Lemma 2.1]).
Proposition 4.4. If S is an SB-space, then, for each FK-space E containing ϕ, the FK-space
ESS has the SB-property.
Proof. In view of Theorem 3.4 and Corollary 3.6, it is sufficient to show that FSSn ∩Hi is closed
in Hi for all i ∈N, i.e., the subspace FSSn =
⋃
i∈NTi is stepwise closed in the LB-space (F Sn )′ =⋃
i∈NHi.
By Theorem 3.4, SS is closed in (S′,‖ ‖S′). Thus there exists ρ > 0 such that
‖v‖SS  ρ‖v‖S′
(
v ∈ SS). (4.5)
Let n and i be fixed. For each t ∈ FSSn ∩Hi, we obtain from (4.2) and (4.5),
νi(t) = sup
w∈Vi
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vktkwk
∣∣∣∣ ρ sup
w∈Vi
sup
v∈B
SS
∩ϕ
∣∣∣∣∑
k
vktkwk
∣∣∣∣
 ρδi sup
w∈Vi
∣∣s(wt)∣∣= ρδiqi(ft ) < ∞ where ft (w) := s(wt).
That implies FSSn ∩Hi = Ti. Therefore, the norms qi and νi are equivalent on Ti (cf. (4.1)), i.e.,
Ti is closed in (Hi, qi). Hence FSSn ∩Hi is closed in Hi for each i ∈N. 
Corollary 4.5. Let |S| be an SB-space and let E be an FK-space containing ϕ. The following
statements are equivalent:
(a) E is a closed subspace of the FK-space ESS,
(b) E is a closed subspace of the FK-space E|S||S|,
(c) (E, τE) is an SB-space and τE is a ϕ-topology.
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subspace E has the same properties.
(c) ⇒ (a). Since E is an SB-space, then the intersection ES ∩Gn is closed in (Gn,‖ ‖Gn) by
Theorem 3.4 (see the notations in Section 2). Hence the inductive sequences (Fn) and (ES ∩Gn)
are equivalent. Then for every n there exists m ∈N such that
ES ∩BGn ⊂ ρn,mBFm for some ρn,m > 0.
Therefore, if the sequence (pn) of semi-norms generates the FK-topology and is chosen in virtue
of (2.2), then for any fixed n ∈N and all x ∈ E we get
pn(x) = sup
f∈BGn
∣∣f (x)∣∣= sup
u∈BGn∩ϕ
∣∣∣∣∑
k
ukxk
∣∣∣∣ [τE is a ϕ-topology]
 ρn,m sup
u∈BFm∩ϕ
∣∣∣∣∑
k
ukxk
∣∣∣∣ ρn,m sup
u∈BFm
∣∣s(ux)∣∣
 ρn,m‖s‖S′ sup
u∈BFm
‖ux‖S
= ρn,m‖s‖S′μm(x),
where the semi-norm μm :FSm →R, z → μm(z) := supu∈BFm‖uz‖S is continuous on ESS ⊂ FSm.
Hence, the semi-norms pn (n ∈ N) are continuous on (E, τESS ), that is, τE ⊂ τESS |E. Since the
inverse inclusion is obvious, we have τE = τESS |E. Thus, E is closed in ESS.
Similarly we may prove (b) ⇔ (c). 
5. A generalization of Garling’s factorization theorem
The starting point of this section is the following factorization theorem due to Garling (see
[8, Theorem 3(a), Corollary]): An FK-space E has the AB-property (cf. (3.1)) if and only if
E · bv = E. Similar results in the case of the TB-, UAB-, and UTB-property were proved by
Buntinas [5, Theorem 11], Sember [16, Theorem 7] and Fleming [7, Theorem 5.1], respectively.
We are aiming to a corresponding factorization theorem in the context of the duality (E,ES) and
the SB-property.
Following Ruckle [14], a K-space F with the property Ff = FF is called a sum space. In
this section we assume that the BK-space |S| is an SB-space, or equivalently, that |S| is a sum
space. By Corollary 4.2, the BK-space Sf has the SB-property.
We set
q0 :=
(
Sf
)
AD and q := q0 ⊕ span{e}.
Because a sum s exists on S we have e := (1,1, . . .) ∈ Sf , and q and q0 are closed subspaces
of Sf . By Corollary 3.7, we get q0 = (Sf )SK = (SS)SK .
Theorem 5.1. For an FK-space E the following statements are equivalent:
(a) E has the SB-property,
(b) q0 ·E ⊂ E,
(c) q ·E = E.
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we get (wx)u = w(xu) ∈ q0 · |S| ⊂ |S|. Since both, E and E|S||S| have the SB-property (cf.
Proposition 4.4), we obtain (EAD)f = Ef = E|S| = (E|S||S|)|S| = (E|S||S|)f = ((E|S||S|)AD)f .
From this, by using the well-known inclusion theorem of Snyder and Wilansky ([17, Theo-
rem 4]), we conclude EAD = (E|S||S|)AD. By Corollary 3.7, we get ESK = (E|S||S|)SK .
Since the diagonal map diagx :q0 → E|S||S| is continuous for each x ∈ E, for every f ∈
(E|S||S|)′ we have
f (wx) = (f ◦ diagx)(w) = s
((
(f ◦ diagx)
(
ek
))
w
)= s((f (xkek))w)
= s((xkf (ek))w)= s(uf wx) (w ∈ q0, x ∈ E).
Thus, q0 ·E ⊂ (E|S||S|)SK = ESK ⊂ E.
(b) ⇒ (c). From (b) we conclude q · E ⊂ q0 · E + E ⊂ E + E = E. On the other hand,
E ⊂ q ·E because e ∈ q.
(c) ⇒ (a). Let q · E = E. Since diagx :q → E is continuous, then x · Bq is bounded in E. In
other words, the set of diagonal maps {diagv | v ∈ Bq} (⊂ L(E,E)) is pointwise bounded on E.
By the uniform boundedness principle, it is equicontinuous. Thus we have
∀m ∈N ∃n ∈N: Bq ·Un ⊂ Um. (5.1)
We use this inclusion to show, that (4.5) implies the inclusion Ef ⊂ E|S|, which, by Theorem 3.4,
is equivalent to (a).
Let x ∈ E and f ∈ E′ be given, then f ∈ Gm for some m ∈ N. Since E is an FK-space and,
by assumption (see (2.2)), pi(x) pi+1(x) (x ∈ E, i ∈N), there exists an n such that (5.1) holds
and pn(x) = 0. For u := uf we deduce from (4.5) and (5.1) that
sup
v∈BS′∩ϕ
∣∣∣∣∑
k
vkukxk
∣∣∣∣ ρ sup
v∈B
SS
∩ϕ
∣∣∣∣∑
k
vkukxk
∣∣∣∣
 ρpn(x) sup
x∈Un
sup
v∈Bq∩ϕ
∣∣∣∣∑
k
vkukxk
∣∣∣∣
 ρpn(x) sup
y∈Um∩ϕ
∣∣∣∣∑
k
ukyk
∣∣∣∣
 ρpn(x) sup
y∈Um
∣∣f (y)∣∣= ρpn(x)‖f ‖Gm < ∞.
Hence Ef ·E ⊂ |S| and consequently Ef ⊂ E|S|. 
Example 5.2. Let T = (tnk) be a reversible row-finite Sp1-matrix. Then the convergence do-
main cT is a BK-space under the norm ‖ ‖cT : cT → R, z → supn |
∑
k tnkzk|. By the row-
finiteness of T , the BK-topology is a ϕ-topology. Let S := cT and s(z) := limT z (z ∈ cT ). We
have |S| = ∞T := {z ∈ ω | supn |
∑
k tnkzk| < ∞} and |S| is a sum space if and only if cT has the
TK-property, defined by
lim
n
∑
k
tnkzke
k = z for each z ∈ cT
(cf. Buntinas [5, Theorems 8 and 10]). Then q = (cT )f (cf. [5, Proposition 5]) and from Theo-
rem 5.1 we obtain the following result (see [5, Theorem 11]): An FK-space E containing ϕ is a
TB-space (i.e., (∑k tnkxkek)n∈N is bounded in E for each x ∈ E) if and only if (cT )f ·E = E.
1226 J. Boos, T. Leiger / J. Math. Anal. Appl. 324 (2006) 1213–1227Example 5.3. Let T = (tnk) be a bv-reversible row-finite Sp∗1-matrix. We put S := bvT and
s(z) := limT z (z ∈ bvT ). Then S is a BK-space with the norm ‖ ‖bvT := ‖ ‖bv ◦ T . Moreover,
by the row-finiteness of T , BbvT is closed in ω, and therefore, the BK-topology of S is a ϕ-
topology and |S| = S. By Fleming [7, Theorem 4.1], bvT is a sum space if and only if it has the
UTK-property
lim
K∈F
∑
n∈K
∑
k
(tnk − tn−1,k)zkek = z for each z ∈ bvT ,
where F is the set of all finite subsets of N. Then
q0 =
(
(bvT )
f
)
TK =
{
v ∈ (bvT )f
∣∣ v has the UTK-property in (bvT )f }
and Theorem 5.1 yields the following result (see [7, Theorem 5.1]): An FK-space E containing
ϕ is a UTB-space (i.e.,(∑
n∈K
∑
k
(tnk − tn−1,k)xkek
)
K∈F
is bounded in E for each x ∈ E) if and only if (((bvT )f )TK ⊕ span{e}) ·E = E.
In the special case T = Σ, the summation matrix, we have S = |S| =  and q = c, the space
of all convergent sequences. From Theorem 5.1 we obtain (see Sember [16, Theorem 7]): An FK-
space E containing ϕ is a UAB-space (i.e., (∑k∈K xkek)K∈F is bounded in E for each x ∈ E)
if and only if c ·E = E.
Example 5.4. Let S := [cs] and s(z) :=∑k zk (z ∈ [cs]) (see Example 3.9). The BK-space [cs]
has the [AK]-property by [6, Theorem 4.5], thus S = SSK, which implies
Sf = SS = [cs][cs] = v
:=
{
v ∈ ω
∣∣∣∣∑
j
max
2j
∣∣vk − αj (v)∣∣+∑
j
∣∣αj+1(v)− αj (v)∣∣< ∞
}
(cf. Kuttner and Maddox [10]), where αj (v) := 12j
∑
2j vk and max2j := max2jk<2j+1 . By [6,
Theorem 4.4], v[AK] = v ∩ c0 (c0 is the space of all null sequences), then q = v. Since |S| =
[bs] has the SB-property by [6, Theorem 4.6] we obtain from Theorem 5.1 (cf. [6, Theorem 5.1]):
An FK-space E containing ϕ has the property [AB] (see Example 3.9) if and only if v ·E = E.
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